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Abstract. Two kinds of discrete hungry Lotka-Volterra systems (dhLV) are known as discretiza-
tions of the additive type hungry Lotka-Volterra system and the multiplicative one. By associating
the dhLV of additive type (dhLVr) and the discrete hungry Toda equation (dhToda) with LR trans-
formations, some of the authors give a Backlund transformation between these two systems. In this
paper, from the dhLV of multiplicative type (dhLVir), we first derive the qd-type dhLVi. Through
finding the positivity of the qd-type dhLV1 and the LR transformation associated with the dhLVry,
we present Bécklund transformations among the dhLVi, the dhLVir and the dhToda. Moreover, by
using one of the Backlund transformations, we show asymptotic convergence of the qd-type dhLVi;.

Keywords. Béacklund transformation, LR transformation, asymptotic convergence, discrete hungry
Toda equation, discrete hungry Lotka-Volterra system

1. INTRODUCTION

The integrable Lotka-Volterra system (LV) is known as
one of the ordinary differential equations that describe
predator-prey dynamics in mathematical biology. In [,
2, 3], one of extended LV is presented as

M M
WD) wngr (Z i (1) Zuk_pa)) ,

k=1,2,..., My, t>0, (1)
ul_M(t) = 0, ces ,UO(t) = 0,
ung,, +1(t) =0, ung, +m(t) =0,
and another extended LV is given in [2, 3] as
M M
d’l)k t
% — (1) (H o) =[] vkp(t)> ,
p=1 p=1
k=1,2,..., My +M—1, t>0, (2)
vi—pm(t) =0,...,9(t) =0,
'UMm—i-M(t) = 0, ce. 7UMm+M+(M71)(t) = 0,

where M is a positive integer, My, := (M + 1)k — M, and
ug(t) and v (t) denote the populations of the kth species
at the continuous time ¢. Eqgs. (1) and (2) describe the
competition such that the kth species is predator of the
(k+1)th, the (k42)th, ..., the (k+M)th species and is prey
of the (k — 1)th, the (k — 2)th, ..., the (kK — M)th species.
In the case of M =1, both (1) and (2) become the original
LV. As M grows larger, for the kth species, the number of
species of both the preys and the predators increase. So,

(1) and (2) are called the hungry LV (hLV) of additive type
and multiplicative type, respectively. Sometimes, (1) and
(2) are referred to as the Bogoyavlensky lattices. The hLV
(1) and (2) are also derived from a spatial discretization of
the Korteweg-de Vries equation [4].

The discretized version of (1) is presented in [5, 6] as

M M
e T (1 0e) = B 15002,

p=1 p=1
k=12,...,M,,, n=0,1,...,
(n) _ (n) — () N— (n) —
u oy =0,0uy =0, uy o =0, 0uys 0 =0,
(3)

and that of (2) is given in [6] as

M M
ol <1 s ] ug:;”) _ <1 Lo ] U,g@p> |
1,...

p=1 p=1
k=12,....M,,+ M -1, n=0,1,...,
v%ﬁ;M = 0,...,11(()”)(5) 0,
VAL 0 EO,...,va+M+(M71) =0,

(4)

respectively. Both (3) and (4) are called the discrete hLV
(dhLV). In this paper, in order to distinguish two kinds of
the dhLVs, we simply refer to (3) and (4) as the dhLV] asso-
ciated with the continuous hLV of additive type (1) and the
dhLVy1 associated with the continuous hLV of multiplica-
tive one (2), respectively. In (3) and (4), 5 represents
the step size at the discrete time n. The variables u,(c")

and v,(cn) denote the population of the kth species at the



discrete time n. The dhLVy (3) is shown in [7] to have an
application for computing complex eigenvalues of a certain
band matrix.

The discrete Toda equation

gV et g 10 m,
N SR
A0 @20, mmol

is also a famous integrable system. Here, the superscript
n is the time variable, as in (3) and (4), and the subscript
1 denotes the spatial variable. A study on box and ball
system in [8] leads to an extended version of the discrete
Toda equation (5),

Q(HM) +E(n+1) Qz('n) +Ei(n)7 1=1,2,...,m,
Ql('n+JV[)E,i(n+1 - Q'Ei)lEz(n)7 1= 17 27 cees T — 1’ (6)
E(()n) =0, EW =0, n=01,..,

with positive integer M, which is named the discrete hungry
Toda equation. In this paper, for the simplicity, we call (6)
the dhToda. In [9], a new algorithm for computing matrix
eigenvalues is designed based on the dhToda (6).

Some of the authors in [10] found a relationship of de-
pendent variables, namely, a Backlund transformation, be-
tween the dhLV (3) and the dhToda (6) through asso-
ciating these integrable systems with a sequence of LR
transformations of matrices. Béacklund transformation is
originally derived from the study of differential geometry.
Explicit form of the Backlund transformation helps us to
understand intrinsic features of an integrable system such
as the solutions and symmetry and its relationship with
another integrable system [11].

Here, for a nonsingular matrix A, the LR transformation
[12] is defined as

A=LR, A=RL. (7)

The 1st equation of (7) represents the LR decomposition
of A where L is a lower triangular and R is a unit upper
triangular matrix. It is to be noted that the LR decompo-
sition where R has unit diagonal entries is uniquely given.
The 2nd equation generates A as the matrix product RL.
Let A LR be the LR decomposition of A. From (7), we
get LR = RL. This type of equation appears in the ma-
trix representation of some discrete integrable systems, and
is called the Lax representation of them. The eigenvalues
of A coincide with those of A. So, the LR transforma-
tion (7) yields a similarity transformation from A to A,
namely, A = RAR™'. For example, in order to compute
the eigenvalues of a symmetric tridiagonal matrix, the quo-
tient difference (qd) algorithm employs a sequence of LR
transformations. It is interesting that the recursion for-
mula of the qd algorithm is just equal to the discrete Toda
equation (5).

However, there is no observation that the dhLVyy (4) is
associated with a sequence of LR transformations. In this
paper, we first associate the dhLVy; (4) with a sequence
of LR transformations. Based on this result, we present a
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Bécklund transformation between the dhLVyr (4) and the
dhToda (6). Additionally, a Bécklund transformation be-
tween the dhLVy (3) and the dhLVy; (4) is also presented
for the case of 6" — oo,

With the help of the relationship among the dhLVy (3),
the dhLVy (4) and the dhToda (6), we next show the
asymptotic behavior of the dhLVy; (4) as n — oo, by using
the convergence property of the dhToda (6) given in [9].
The dhLVy; (4) is also shown to be applicable for matrix
eigenvalue computation.

This paper is organaized as follows. In Section 2, we
derive a system called the qd-type dhLVy1 from the original
dhLVy; (4) through variable transformation. We also show
the positivity of the qd-type dhLVy; under suitable condi-
tions. In Section 3, we give a Lax representation for the
dhLVy; (4), and then relate it to the LR transformation of
a band matrix. We also review the Lax representation for
the dhToda (6) and the LR transformation associated with
it. In Section 4, by comparing two LR transformations in
Section 2, we derive a Béacklund transformation between
the dhLVyr (4) and the dhToda (6). By taking account of
the Bécklund transformation between the dhLVy (3) and
the dhToda (6) given in [10], we also derive a Bécklund
transformation between the dhLVy (3) and the dhLVyy (4)
for the case of 6(™ — co. We investigate the asymptotic
behaviour of the dhLVy variables through the Bécklund
transformation between the dhLVy (4) and the dhToda
(6). The asymptotic behaviour of the dhToda variables is
already shown in [9]. In Section 5, we give numerical exam-
ples in order to demonstrate some theorems in the previous
sections. Finally, in Section 6, conclusion is presented.

2. THE QD-TYPE DHLV{ AND POSITIVITY OF
ITS VARIABLES

In this section, we introduce the qd-type dhLVy; which is
derived from the dhLVy (4) and show the positivity of
its variables. For the simplicity, we employ the notations
Dy, Dy, D3, &4 and D5 defined as

Oy :={1,2,..., M, + M — 1},
Dy :={1,2,..., My,_1 + M},
O3 :={1,2,...,m — 1},

O, :={1,2,...,m},

@5 :={0,1,...,M —1}.

These index sets appear throughout this paper frequently.

2.1. THE QD-TYPE DHLVy

Let us introduce new variables

M
o i ol <1 45 Tl

p=1

), ke d, (8)

5(n) H ’UkJr 5 Vk S CI)27 (9)
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from the dhLVy; variable vli") and the discrete step size

8. From the boundary condition of U]in), we have
w™ =0 Ve d;u{M}\ {0}, (10)
,y('”}c) 07 vk € @57 (11)
W =0, Yjeds (12)
Then these variables satisfy the recursion formula
+
n ’Y/:H = wkﬁ-M-&-l’Ykn , Tke @\ {M,, 1+ M}
(13)
This is easily checked as follows.
(n+1) NN (n)
M M
= ot (1 +a ] v,i’j,”> + 8 T iy
p=1 p=0
(n) n (n) n (n)
<1+5 )Hv >+5()Hv .
p=1
M
= v,(cn) (1 + 5™ H ’U](!i)p> + 6™ H v,(ci)p
p=1 p=0
(n) ’y( n)
n+1) (n
wl(c )7k+)1
M
n+1 n+1
- [“fc | (1 Fo I T, )ﬂ [‘W [T ]
p=1
M
) l”’gn) (1 ]l ”)] l " H ]
p=1

= vk+M+1 (1 + () H vkﬂ,) < H Uk-i—p)
(n) n (n) n (n)
= UM+ (1 +ot H ”kiMH—p) (5( : H ”kip)
p=1 p=0

= wl(CTM+171(€n)'

Eq. (13) has the form similar to the recursion formula of
the qd algorithm (5). In order to distinguish (13) from
the dhLVyy (4), we hereinafter call (13) the gd-type dhLV1y.
Also, we can rewrite the qd-type dhLVy; as

e I OO N DN
(n) _ wl(cT-L&-)M—i-l’yl(en) (14)
Te+1 = LD

W,

If W,g") for Yk € ®; and WYL) are given, we can obtain wl(cn+1)

for Yk € ®; and ’y,(:) for Yk € @ \ {1} by using (14). Let
us assume that w( ™ >0 for Yk € ®; and 7£n) > 0. Then

we can relate ’y§n) to 6 as follows. From (9) and (10), we
derive

M+1

5 H o)
— 5, H ¥
H Wi
1460 H wi™
P

5(n)

M+1
I o
== (15)
(n)
RO [T«
p=1
From (15), it holds that
(n)
(n) _ M
o = = .
(@iryr =) [T wf”
p=1

Hence, the condition 6™ > 0 is equivalent to

(n) (n)

0<r” <wpla-

2.2. POSITIVITY OF THE QD-TYPE DHLV|[1 VARIABLES

We give a theorem concerning the positivity of the qd-type

dhLVy; variables wlin) and 'ykn).

Theorem 1. Let us assume that w,(cn) >0, "k € & and

0 <A™ < Wi, then it holds that
w50, VEked,
7,(;” >0, ke,

Proof. In the discussion for the positivity of the qd-type
dhLVyy variables, it is useful to introduce an auxiliary vari-
able d\™) defined by

dW =M M Ve @y (16)
From (11) and (16), it follows that
d =w™ Vi e o, u{M}\ {0},
() (™ (n) (17)
d -
A4+1 A4+1 1

By combining (17) with the assumption, we have

d™ >0, Yke®sU{M M+1}\{0}.



In terms of d,(Cn), we may rewrite the lst equation of (14)
as

AV A d, hea

From (14) and (16), we also get the recursion formula for
d,g") and dgjr) a4 as follows.

(n) (n) (n)
dk1M+1 = ijrMH - ’YI:H

(n)
_ wkj—M-&-l (n+1) (n)
= " gy Wk Yk

wlgn—&-l)

wl(:k)M+1 (n)
= g (19)
w}(€n+1) k
From (14), (18) and (19), we get a differential form without
subtraction as follows.

w](cn—&-l) _ 7](9") +d§€n)7
(n) (n)

(n) _ “rrm+1Vk
Te+1 =

Wt (20)
(n)
4m _ YREMi1 ()
k+M+1 — (n+1) "k
Wi
By using (20) repeatedly, we can compute w,(gnﬂ), 'y,(gi)l and

d,(;jr)MH for K = 1,2,.... Since the initial values w,(cn) for

Yk € @y, 'yin) and d,in) for Yk € &5 U {M, M + 1} \ {0} are
positive by assumption and there are no subtractions, we

can conclude that all the computed variables are positive.
O

3. LR TRANSFORMATIONS ASSOCIATED WITH
THE DHLV g

In this section, we give a Lax representation of the dhLVy;
(4), and then present a sequence of LR transformations
associated with the dhLVy; (4). In addition, we briefly
review [10] concerning the LR transformation associated
with the dhToda (6).

A Lax representation of the qd-type dhLVyy (13) is given
by

LD R0 = R f(n) (21)
where

0 w§")

0 wén)
0 . .

) — 1 0 )
1
wl(\z),ﬁ-M—l
1 0 0
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1 0 ... 0 54"
0 ... 0 4
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0
1

By focusing on the entries in the both sides of (21), we can
get the qd-type dhLVyr (13). This means that (21) is a Lax
representation of the qd-type dhLVyy (13). Of course, the
Lax representation (21) with (8) and (9) is just equal to
that of the dhLVy; (4) in [6].

It is remarkable here that the Lax representation is not
always uniquely given. In the following theorem, we present
a new Lax representation for the qd-type dhLVy (13).

Theorem 2. As 6 — oo, a Laz representation of the
qd-type dhLViy (13) becomes

n+1 n n n .
LIAUR = RIVLT, e @, (22)
where
w](\;’[l1)+]_1 )
1 Wyp
£ = Mati-3 @)
(N
My+j
R = 1 (24)

Proof. In (20), let us assume that w,(cn) > 0 for 'k € @,

0<ec< *yi") < wx}il, where ¢ is some positive constant.

We first show that the qd-type dhLVyy variables satisfy the
following inequality.

dp <d <dp, ke d \{i(M+1)}, Vieds,
d"W <dy, ke {i(M+1)}, Yieds,

Y < 'Vl(cn) < Vi Yk e P,

(n+1) v cd,

Wi ka kaa

(25)

where d;, Ek,lkﬁk, w;, and Wy, are some positive constants

that do not depend on ™.

We first consider the case where "k € &5 U {M, M + 1} \
{0}. From (17), we have

dp <d™ <di, Yked;U{M}\{0}, (26
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with d;, = dj, = w,g"). Similary, from (17), we get
dPyy < daria, (27)
with 8M+1 = W(Mnlr Obviously, the assumption leads to

(28)

with 7y, = cand 7y, = w(Mnl_l. By combining (26)—(28) with
(20), we can prove the following inequalities by induction.

Yk e &5 U{M, M + 1}\{0,1},
ke &5 U {M, M + 1} \ {0}.
(29)

{Wk <" <7,

(n+1)
k

gkgw kan

In the case where Yk € {i+ M +1},Yi € ®5U{M, M +1}\
{0}, from the 3rd equation of (20), (26), (27) and the 2nd
equation of (29), it holds that

dp <d <dy, ke{i+M+1}, Yied;U{M}\{0},

(30)

dyrpi1) < daarrn)- (31)
Moreover, from (29), it follows that

Yrio < ’YJ(\;[LZH S Vmqo- (32)

Egs. (30)—(32) lead to

7, <N <
ke {i+M+1},
wy, <w" <@,

Yk e {i+M+1},

Vie &5 U{M, M +1}\{0,1},

Vi€ &5 U{M, M + 1} \ {0}.

Similary, for Yk € {(i — 1)(M + 1) +j + 1},Yi € &3\
{1,2},Y j € ®s, it follows that

a
7, <N <, (33)

w, S w](anrl) Si

and for Yk € {i(M +1)},Yi € @3\ {1,2}, we have
d\" < dy.

We next consider the case where Yk € {(m — 1)(M + 1) +
i+ 1},Yi € ®5. By combining the 3rd equation of (20),
(33) with (12), we have

V’i € &5

dk+i S d](;j_)l S Ek+i7 (34)

From (34) and the 1st equation of (20), we have

(n+1)

_ V.
Wiy < W < Wk, 1€ Os.

To sum up, we obtain (25).

By using (25), we discuss the behavior of variables in (13)
as 60" — oco. We first consider the case of k = M, + M,
Vi € ®3. By using (19) repeatedly, we derive

i
H WJ(\Z,),-f-M
n =2 n .
dyp) oy =P, Vie®s\ {1} (35)
H ot
Mp+M
p=1
Egs. (15) and (17) lead to
£ = o4
M+1
[T
n p=1
= wg\/[zrl - 1 M
= (n)
5 + H “p
p=1
(n)
w
_ MM+1 (36)
5(n) H wz()") +1
p=1

As 60" — oo, from (25), it follows that dg(})ﬂ — 0 in (36).

From (35), we derive d}, ,, — 0 for ¥i € @3\ {1}. By
combining them with (16), we get
: (n) (n)\ _ v,
6(31300 (WM,-+M_'YMi> =0, "iePs.

(37)

Moreover, from (18) and dE\ZI_)JrM — 0 for Vi € @3, we have

: (n+1) (n) _ v,
6(%11}1(){) (wﬁi+M — 'yAZ_JrM) =0, i € Og.

(38)

Thus, as 6™ — oo, (13) becomes the trivial equali-

ties wﬁﬁ}w + 7](\21) = w$3+M + ’y](\z)JrM, Vi € ®3 and
(nt1) (n) _  (n) (n) Yie @y \ {m— 1}

wMH-MryMHl - wMH»l"FM,yMiJF]\/I’ v 3 m '

Next, we consider the cases except for £k = M; + M,
Vi € @3 in the 1st and 2nd equations of (13). We here
focus on the product of ng{l) and Rg»i)l. The (i,4) and

(i,7 4 1) entries of [,(RH)Rgi)l are given as, respectively,

j+1
n+1 n n+1 n . .
(£§'+1 )R§'+)1)ixi = "ngwj) + 71(\/!3—M+j’ Vi€ dy, VjE P,
(39)
n+1 n n+1 n . .
(ngl )R§+)1)i,i+1 = “’J(w:rj)%(wjﬂﬂv Vi€, Tje s
(40)
Similarly, it follows that
(R(.n)ﬁ(."))u: (n) + (n) Vicd Vied
§ Riv1)ii = Waggs T Va4 0 4, ) 55
(41)

(Rg'n)ﬁﬁ)l)i,iﬂ = W$3+M+j+171(\:1:)+j7 Yie @, Yje s
(42)

Egs. (22), (39) and (41) bring to the 1st equation of (13).
Also, (22), (40) and (42) lead to the 2nd one. This indicates
that (22) is a Lax representation for the qd-type dhLVyy
(13). O
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Moreover, we give a lemma concerning the relationship
of the Lax matrices Rgnﬂ) and RS\Z) as 6 5 0.

Lemma 1. As 6" — oo, it holds that

R — R (43)

Proof. Obviously, from (37) and (38), wg’;ﬂl — J(\Zfl)
and wg\:}:rll)w — ’YJ(VZLM as 0™ — oo. So, it holds that

fy](\?j_l) — 71(\?7?+M as 6( — oo. This leads to (43). O

Let us introduce the matrix, given by the product of the
Lax matrices E(ln), £§n), e ﬁg\z) in (23) and R(()") in (24),

A = £ 8 LR, (44)

Let us consider Rén)A(") (R(()n))_l as a similarity transfor-
mation of A(™ by Rgn). Then, with the help of Theorem
2, we derive

R A R = R LY 2

n+1) ~(n+1 n+1 n n
= L IR ol

n+1 n+1 n+1 n+1 n
= et gt gl (),

(45)
By combining it with Lemma 1, we see that

This means that the eigenvalues of A are invariant under
the time evolution from n to n+1. Eqgs. (45) and (46) also
lead to
(n) — E(”)E(”) L. L(") R(")
o i L (47)
A =Ry (Ly7Ly" -+ Lyy)-

Hence, we know that A1) is given through the LR trans-
formation of A™. According to (45), the LR transforma-
tion in (47) coincides with M times LR transformations in
(22). Let us recall here that (22) is a Lax representation
for the dhLVyr (4) with 6(®) — co. We therefore have the
following theorem.

Theorem 3. The dhLVi; (4) with 6 — oo generates the
LR transformation from A™ to AY) as in (47).

According to [8], the dhToda (6) satisfies the Lax repre-
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sentation,
LM pnt1) — R (n) (48)
(n)
1
1 én)
L = : (49)
Loew
1 E™
R™ = L , (50)
B
1

where Q™ > 0, Vi € &, and E™ > 0, ¥i € 3. The
Lax representation (48) may look different from that in [8].
Actually, we can easily get the same Lax representation as
in [8] through matrix transposition on both sides of (48).
Let A be the product of the Lax matrices L™, L(»+1)
o, LM 4 (49) and R™Y in (50), namely,

A — () () (M =1) pn) (51)

Then, from (48), it follows that

RM A (R(M)~1
— R ) [(n+1) | [ (n+M-1)
— (M) pntl) [ (n41) [ (n42) | p(nbM—1)

= (M) [ (ntM+1) p(n+2) 1 (n+2) | [ (n+M—1)

_ L(n+M)L(’rL+M+1) . L(n+2M71)R(n+M)

= A+, (52)
Obviously, from (52), the dh'Toda (6) gives the similarity
transformation from A™ to A+M) Eq. (52) is also
rewritten as

A — (L(n)L(nH) . L(n+M—1))R(n)’
AWM Z R (L) [(n1) . [ (n+ M=) (53)
Thus, the dhToda (6) has a relationship with the LR trans-
formation as follows.
Theorem 4 ([10]). The dhToda (6) generates the LR
transformation from AM™ to ATM) g5 in (53).

4. BACKLUND TRANSFORMATIONS AMONG
THE DISCRETE HUNGRY SYSTEMS

In this seciton, by considering the relationship between the
two LR transformations associated with the dhLVyy (4) and
the dhToda (6), we give a Bécklund transfomation between
the dhLVy (4) and the dhToda (6). By referring to [10],
we establish a Backlund transformation between the dhLV;
(3) and the dhLVy; (4). We also investigate the asymptotic
behavior of the qd-type dhLVy; (13) with the help of the
obtained Bécklund transformation.
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4.1. THE BACKLUND TRANSFORMATION BETWEEN THE

DHLV{; AND THE DHTODA

We first show the relationship of the matrices in two LR
transformations associated with the dhLVy; (4) and the
dhToda (6).

Lemma 2. For some fized n, let Rg " = R and L T_?l =
L("+3) Vi e ®5. Then, it holds that

L) = LM - R = R Y e @,
Proof. The assumption leads to Rén)ﬁgn) = RM LM Let

us recall that R(V ™ = £{" DR in (22) and R™ L™
= LM R(n+1) in (48). So, it follows that

+1 n n
LUTIRM = L) Rlntd),
Recall that the upper bidiagonal matrices ’Rgn) and R(™+1)
have 1 in every diagonal entry. Hence, by taking account
of the uniqueness of LR decomposition, we get

Ly = Lot R = Rt

Similarly, it is easily proved by induction for j =
1,2,...,M — 1 that £{71Y = LO#M+H) ang RV, =
R(n+j+1). O

From (44) and (51), it is obvious that AM = AM if
£§T1 = L) Vi € &5 and Rén) = R™ . So, by using
Lemma 2, we see that ATD = AC+M) gince ’Rﬁ)l =
RO Yj € @5 and L1 = LOHMI) Vi€ §5. In
other words, the evolution from n to n+1 of the dhLVyy (4)
can generate the LR transformation given by the evolution
from n to n 4+ M of the dhToda (6).

Let us replace n with ¢M + j in the superscripts of the
dhLVy; and the dhToda variables. Hereinafter, we consider
the evolution from ¢ to £ + 1 by the dhLVy (4) and the
dhToda (6). Let us assume that, for some fixed ¢,

E(l) L(ZM-‘,—J) Vie®
o 7e % (54)
Ry’ = REM),
Then, from Lemma 2, it follows that,
LD = DA R = RNV e g,
(55)

From the 2nd equation of (55) and Lemma 1, it holds that

’RE)ZH) = R(HHDM) By focusing on the entries of matrices
n (54), we derive

{ B — 0

M+ ¢
QE 7 — ](V[)ﬂ)

iE(I)g,

vieq)lh Vjeq)5,

for £=10,1,.... Moreover, from (55), we obtain

CM+5+1 4 . .
Ez( SRARES 7](\/[1+j+17 Vie s, V] € &5,

for ¢ =0,1,.... To sum up, we derive a theorem on the re-
lationship of the variables, namely, the Backlund transfor-
mation, between the qd-type dhLVyy (13) and the dhToda

(6).

Theorem 5. A Bdcklund transformation between the qd-
type dhLVy1 (13) with 6) — oo and the dhToda (6) is given
by

E7,(EM+J) = (é)+_j7 VZ‘ € (b?)a vj € ®57
Ql(_EM+J) _ ‘*’1(\?+j’ Vie dy, Yje s,

for£=0,1,....

It is observed that (8) and (9) are the Backlund transfor-
mation between the qd-type dhLVy; (13) and the original
dhLVy; (4). So, by combining it with Theorem 5, we have
a main theorem in this paper.

Theorem 6. A Bdcklund transformation between the
dhLVy; (4) with 69 — oo and the dhToda (6) is given

by

BT = 50 HUM vy TiE€ By, Y€ B,
(UWJr]) 0
“ <1+6()HUM+] P>7
vi € (I>4, .7 € (Pov
for£=0,1,....

THE BACKLUND TRANSFORMATION BETWEEN THE
DHLV| AND THE DHLV [y

4.2.

Let us introduce the new variables

M=

U — ()

(1+6@u,), ke @ u{My),

p=1
M

() _ 1 ny, (n) v

A _MI_IO<1+5 ). k€@ UMy, + M),
s

(56)

in terms of the dhLVy variable uén). Then the dhLVy (3)
can be rewritten as

n+1 (n n n)
Ulg : VMJ)rkJrl = UJ(VI)+k+1 + V]\(/[+k7 Yk € @,
U(TL+1)Vk(n) — U]gn)VI\(/’[nj»k7 Vk c @21U {Mm}7
UJ(\;IL) +i+1 =0, V]&ZZ-&-M-&-]‘-H = 5 Vi€ ®s.

(57)

Eq. (57) is named the qd-type dhLVy in [13]. Eq. (56)
is a Backlund transformation between the original dhLV;
(3) and the qd-type dhLVy (57). Some of the authors, in
[10], give a Béicklund transformation between the qd-type
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dhLVy (57) with §®) — oo and the dhToda (6) as follows.

M-—1

Uy = I[ @7, VYie e,
p=0
M-—2 ) ) (58)
U](\/ngerrl _ (H QEZM+I)+]+1)> Ei(ZM—H),
p=0
Yie Ps, Vj € &5.

By combining the 1st equation of (58) with Theorem 5, for
{=0,1,..., we get

M—
H Wiy Yie ey (59)

Similarly, from Theorem 5 and the 2nd of (58), we derive
¢
Uil

Q(ZM+J+1)Q(6M+J+2 Q(ZM+M 1)

« QUEFDM QUEFDMAD (EHDM+2) | (E+1)M+i-2)

% (QZ(_(ul)mrl)Ei(éMﬂ))
©® (0

_ (©)
=Wan 1Y WM M1

(O+1) (6+1) (6+1)  (641)
XWhr W 192 W -2

(£+1) )
X (wM +5-17M; +J)
By taking account of the 2nd equation of (13), we succes-
sively rewrite U ](é) 4j41 @S

(0) _ (0 () ()

Uhitje1 = WM j 190, 12 WM M1
(6+1) (€+1) (+1) (+1)
X W "Wan  1Wa 2 W2
() (0)

(VM +5 1M+ M4

(0) () ()
=War 1Y 2 YMM—1

(e+1)_ () () (0)
X (WM T, +1) WAL+ M2 WM+ Myj—2
< L0
Mi+M+j—19 M+ M+j

NG RN0) R0
Mi4+j4+1%M;+54+2° M;+M-—1

¢ ¢ ¢
(VJ(\/I)LWJ(\4)+M+1) w§\4)1+M+2 WJ(\4)+M+J 2

 wl® W
Mi+M+j—1"Mi+M+j°

Note here that ’yg\? — wg?JrM as 00" — 0o. So, it follows
that
M—1
¢ ¢ . ,
Urijor = 1] @hapriin i€ @5 Yj€ @5 (60)
p=0
From (59) and (60), we have
H Wi, Yk € @y U{M,). (61)

Journal of Math-for-Industry, Vol. 4 (2012A-2)

By combinig (61) with (8) and (56), it follows that

M
u](cn) H(l + 5(n)u§€"_)p)

p=1
M-—1 M
ST £
r=1

p=0

M-1 - M-1
= 1I ”kip> 11 <1+5(n) 1w, T>
p=0 p=0
—1 M
()i iie) o
p=0 p=1
From the boundary condition of u,(cn) and v,i"), the case

where k =1 in (62) leads to
M—1
=1 =%,
p=0

Similarly, by considering the cases where k = 2,3, ...,
we have u,gn) = H o v,(:g

D’
The above discussmn leads to the following theorem.

Theorem 7. As 6" — oo, a Bicklund transformation
between the dhLV1 (3) and the dhLVir (4) is given by

M’l’ﬂ?

M-1
(n n) v
u];) = H v,(H_p, ke @ U{M,},
p=0
formn=0,1,....
4.3. THE ASYMPTOTIC BEHAVIOR OF THE QD-TYPE

DHLV 1 VARIABLES

We next clarify the asymptotic behavior of the qd-type
dhLVyy variables by combining Theorem 5 with the asymp-
totic behavior of the dhToda variables given in [9]. Let us
again replace n with £M + j, Vj € ®5 in the superscript
of the dhToda variable. Of course, the limit of / — oo is
equivalent to that of n — oco. A minor change of the limit
in [9] brings to the following theorem with respect to the
convergence of the dhToda variables.

Theorem 8 (cf.[9]). Let QZ(-O) > 0, QZ(-l) >0,...,

0, %€ &y and E°) >0, Vi € ®3. As { — oo, the limils of
QEKM-H') and EZ(ZJVI+j)

QgM—n S

are given by

M-1
I (EM+p) _ v,
KLIEO 1;[) Qz CZ? (&S q)4a
Jim EMTD =0, Vieds, Yjed;,  (63)
—00
where C; is some constant and C7 > Cy > -+ > Cp, > 0.
In [9], it is also shown that {QEZMJFj)}g:o,L“_ is a Cauchy

sequence. This implies that QEKMH )

constant C; ; > 0 as { — oo, namely,

converges to some

Jlim QM) — ¢y, Vied,, Yjeds (64)
— 00
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Since it is shown in Theorem 5 that QEZM'H) = wl(\fl)ﬁﬁ by
using it in (64), we get
. ¢ . .
élgg)w%ﬂ =Cij, Vied,, "jeds.  (65)

By taking account that Ei(eM'H ) = '71(\2 4 shown in Theo-

rem 5, from (63), we derive

: 0
elglolo Tt =05

Vie ds, Vje ds. (66)

It is remarkable that (65) and (66) show the convergence
(n)

of w,(cn) and v, ~ except for k = M; 4+ M, Vi€ ®3as { — oo.
We next study the convergence of wg?i 4 and 7](\2 s Eas.
(37) and (66) with j = 0 leads to
lim w(? ., =0, Yie . (67)
L— o0 Mi+M ’

From (38) and (67), it follows that

© g

lim Vi e ®s.
L— 00 MM 3

We summarize the asymptotic behavior of the qd-type
dhLVy; variables as follows.

Theorem 9. Let us assume that w,(CO) >0,k € &;. Then,
the limits of the qd-type dhLViy variables as 5 — 0o are

. (n) _ V. v -

i @ies = Cigr 1€ @1 TG E s,
. (n) _ V.

,}LH;OWM#M =0, "ie€ ®3,

lim 'y,(cn) =0, "kecd,.

n—oo

5. NUMERICAL EXAMPLES

In this section, we numerically observe some properties of
the qd-type dhLVyy (13) shown in the previous sections. We
easily realize numerical properties of the original dhLVyy (4)
through those of the qd-type dhLVy;.

We first demonstrate the asymptotic behavior of the qd-
type dhLVyy (13) shown in Theorem 9 numerically. Let
wgo) = wéo) = 9, wéo) = wz(lo) = wéo) = 2, wéo) = wéo) =
wéo) =1and M =2,m = 3, 6(™ = 10'2, respectively, in
the qd-type dhLVyy (13). It is emphasized here that the qd-
type dhLVy; variables, except for w,(go), depend on the value
of 6(® through ,an)’ as shown in (15). Figures 1 and 2 show

the behavior of w,(cn), k=1,2,4,5,7,8 and w,(cn)7 k = 3,6,
7,(6"), k=1,2,3,4,56, for n = 0,1,...,19, respectively.
We see from Figures 1 and 2 that, as n becomes lager,
w,i”), k=1,2,4,57,8 and w,(gn), k = 3,6 approach some
positive constants and zero, respectively. This numerical
result agrees with Theorem 9.

We next give a numerical example in order to confirm
the Béacklund transformation, shown in Theorem 5, be-
tween the dhLVy (4) and the dhToda (6), as 6™ — oc.
Let Q¥ =5, i=1,2...,12and E” =2 i =1,23
with M = 3 and m = 4 in the dhToda (6). Moreover, let

8

Figure 1: A graph of the iteration number n (x-axis) and

the values of wgn) wén) i"),wé"),w;") and wé") (y-axis).
dashed line: w(™

, X @ wén), dotted line: wé(ln),
O wgn) and A : wé").

o : w%”)

Figure 2: A graph of the iteration number n (x-axis) and
the values of wén),wén) and 'y,(c”) for k = 1,2,3,4,5,6 (y-
X wé"), o: wé"), O: *yl"), dashed line: ”yén), dotted

line: 7§n)7 +: 'yin), * 'yén) én).

axis).
and o : v

Wi s =50 = 1,234, j = 0,1,2 and w) ,, = 2,
it = 1,2,3 with M = 3 and m = 4 in the qd-type
dhILVy; (13). We consider two cases where §) = 0.5 and
6@ = 10" for £ = 0,1,.... In Tables 1 and 2, the Ist,
the 2nd and the 3rd columns denote the iteration num-
ber ¢, the dhToda variables and the qd-type dhLVy; ones,
respectively. Table 1 illustrates that, in the case where
6 =05, £=0,1,2,3,4,5, the dhToda and dhLVy; vari-
ables coincide with each other in only a few digits. On the
other hand, Table 2 shows that there are little difference
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Table 1: Values of QYZM),w%)l and Esz), ’yj(\?l in the case
where §(9) = 0.5 for £ =0,1,...,5 and 50.
¢ i Wi
0 5.00000000000 5.00000000000
1 7.00000000000 6.96850393700
2 7.90909090909 7.89572522147
3 8.34969325153 8.34251316996
4 8.60502692998 8.60022866410
5 8.76967867989 8.76612205167
50 9.04510897048 9.04510897048
eM ¢
‘ 5™ M,
0 2.00000000000 1.96850393700
1 0.909090909090 0.927221284472
2 0.440602342442 0.446787948489
3 0.255333678448 0.257715494134
4 0.164651749916 0.165893387566
5

0.107582241979 0.108492550373

50 1.225191026031E—12 1.407359466438E—12

between QgéM),EyM) and wj(é)l,%(\?l, respectively. Tables
1 and 2 show that Theorem 5 approximately holds for a
sufficiently large §(9).

In [9], some of the authors have proposed an algorithm
for computing eigenvalues of totally nonnegative matrices,
for which all the minors are nonnegative. So, from the
Bécklund transformation among the dhLVy; (4), the qd-
type dhLVy; (13) and the dhToda (6) shown in Section
4, it is easily expected that the dhLVy; (4) and the qd-
type dhLVy; (13) are applicable for computing the eigen-
values of a totally nonnegative matrix. In particular,
lim, oo H;w:f)l wx}i)+p, Vi € &, give the eigenvalues of the
totally nonnegative matrix A(®),

6. CONCLUSION

In this paper, we first introduce the qd-type dhLVy; and
show the positivity of its variables. We also give a new Lax
representation for the dhLVyr. As 6 — oo, it is observed
that the Lax representation for the dhLVyy is related to the
LR transformation for a band matrix. In other words, the
time evolution of the dhILVy; with 6™ — oo corresponds to
the LR transformation. We next explain how to associate
the dhToda with the LR transformation. Remarkably, the
dhLVy; with 6™ — oo is associated with the same form
of LR transformation associated with the dhToda. By
identifying two these LR transformations, we finally ob-
tain a Backlund transformation between the dhLVy; and
the dhToda. Additionally, through considering a Backlund
transformation between the dhLV; and the dhToda in [10],

Journal of Math-for-Industry, Vol. 4 (2012A-2)

Table 2: Values of Qg”j),wg\f])l and E}ZM),VJ(\?I in the case
where 6(©) = 10'2 for £ = 0,1,...,5 and 50.
‘ i “ii
0 5.00000000000 5.00000000000
1 7.00000000000 6.99999999999
2 7.90909090909 7.90909090909
3 8.34969325153 8.34969325153
4 8.60502692998 8.60502692998
5 8.76967867989 8.76967867989
50 9.04510897048 9.04510897048
eM ¢
: B 9
0 2.00000000000 1.99999999999
1 0.909090909090 0.909090909090
2 0.440602342442 0.440602342442
3 0.255333678448 0.255333678448
4 0.164651749916 0.164651749916
5 0.107582241979 0.107582241979

50 1.225191026031E—12 1.225191026031E—12

we establish a Backlund transformation between the dhLV7
and the dhLVy for the case of §(™ — oo. We therefore have
Backlund transformations among the dhLVy, the dhLVy;
and the dhToda. With the help of the Backlund trans-
formation between the dhLVy; and the dhToda, we inves-
tigate the asymptotic convergence of the qd-type dhLVyy
variables as n — oo through that of the dhToda. We fi-
nally give some numerical examples which demonstrate our
theoretical results.

We give a comment that the dhLVy; and the qd-type
dhLVy; are applicable for computing eigenvalues of a to-
tally nonnegative matrix. A future work is to derive the
Backlund transformations among the dhLVy, the dhLVy;
and the dhToda in the case where §(™ is finite.
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