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Self-adjoint extensions of momentum operators: application of weak
Weyl relations
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Abstract. By weak Weyl relations it is shown that momentum operators, −i∂xj , deﬁned on C0∞ (Ω)
with some general open set Ω ⊂ Rn are not essentially self-adjoint but have uncountably many selfadjoint extensions.
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1.

symmetric, and {T, H} satisﬁes the Weyl relation

Preliminaries

(3)

In this paper we are concerned with uncountably many selfadjoint extensions of momentum operators deﬁned on open
sets in Rn . Let us begin with considering a one dimensional
momentum operator
p = −i

then weak Weyl relation (2) can be derived from (3), but (2)
does not necessarily imply (3) in general. The important
facts on weak Weyl relations and Weyl relation are (1) and
(2) below:

d
.
dx

(1) If T is a self-adjoint operator, then Weyl relation (3)
can be derived from weak Weyl relation (2);

It is well known that p is essentially self-adjoint on
C0∞ ((−∞, ∞)), namely it has the unique self-adjoint extension. We can see however that p has no self-adjoint extension on C0∞ ((0, ∞)) but has uncountably many self-adjoint
extensions on C0∞ ((0, 1)). When the dimension n ≥ 2, however, it is not trivial to see the essential or non-essential
self-adjointness of momentum operators deﬁned on C0∞ (Ω)
with open set Ω. We are then interested in self-adjoint
extensions of momentum operator −i∂xj on L2 (Ω) with a
general open set Ω ⊂ Rn . In this paper we show a suﬃcient
condition such that −i∂xj is not essentially self-adjoint but
has uncountably many self-adjoint extensions by using the
so-called weak Weyl relations.
Let H be a separable Hilbert space. Let H be a selfadjoint operator and T a symmetric operator on H . We
say that {T, H} satisﬁes weak Weyl relation if
(1)

(2) If {T, H} satisﬁes Weyl relation (3), then there exist
Hilbert spaces Hm and unitary operators
Um : Hm → L2 (R),

1 ≤ m ≤ M,

such that
(1) H = ⊕M
m=1 Hm ,
(2) T and H are reduced to Hm ,
d
(3) U T ⌈Hm U −1 = x and U H⌈Hm U −1 = −i dx
.

(2) is known as von Neumann’s uniqueness theorem.
The key idea in this paper is that the momentum operator −i∂xj can be regarded as the time operator associated
with multiplication operator −xj . If −i∂xj is essentially
self-adjoint on C0∞ (Ω) with an open set Ω ⊂ Rn , then the
pair of self-adjoint operators
}
{
−i∂xj ⌈C0∞ (Ω) , −xj
(4)

e−itH Dom(T ) ⊂ Dom(T )

and
(2)

e−isT e−itH = e−ist e−itH e−isT ,

T e−itH ψ = e−itH (T + t)ψ

also satisﬁes Weyl relation. If the multiplication operator xj on L2 (Ω) is bounded, then it contradicts von Neumann’s uniqueness theorem. Thus we can conclude that
−i∂xj ⌈C0∞ (Ω) is not essentially self-adjoint if Ω is bounded.
This kind of results may be already known, but our proof
is new and simple. In this paper we discuss more general
open sets Ω, which include unbounded sets.

holds for all ψ ∈ Dom(T ) and t ∈ R, where Dom(A)
denotes the domain of operator A. A symmetric operator T satisfying (2) is called a time operator associated
with H, which is, to our best knowledge, introduced by
[Sch83A, Sch83B] and drastically investigated by [Ara05].
See also [Ara99-a, Ara99-b]. If T is self-adjoint instead of
21
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2.

Time operators and main results

In this section we introduce weak Weyl relations and time
operators, and prove the main theorem.
Deﬁnition 1. (1) Let T1 , · · · , Tn and H1 , · · · , Hn be selfadjoint. We say that {Tj , Hj }nj=1 is Weyl relation if
and only if
e−itTj e−isHk = e−iδjk st e−isHk e−itTj
e−itTj e−isTk = e−isTk e−itTj
e−itHj e−isHk = e−isHk e−itHj

1 ≤ m ≤ M,

such that
(1) H = ⊕M
m=1 Hm ,
(2) for each j = 1, ..., n, Tj and Hj are reduced to Hm ,

In particular Spec(Tj ) = Spec(Hj ) = R.

(2) Let T1 , · · · , Tn be symmetric and H1 , · · · , Hn
self-adjoint. We say that {Tj , Hj }nj=1 is weak Weyl
relation if and only if
e−itHk Dom(Tj ) ⊂ Dom(Tj )

and
(6) Tj e−itHk ψ = e−itHk (Tj + δjk t)ψ, ψ ∈ Dom(Tj ),
hold for all t ∈ R and j, k = 1, · · · , n.
We show some properties of Weyl relation and weak Weyl
relation. Let T denote the closure of T . Let {Tj , Hj }nj=1
be weak Weyl relation, then also is {T j , Hj }nj=1 . As is easily seen that weak Weyl relation can be derived from Weyl
relation. The converse is, however, not true. If {T, H} is a
weak Weyl relation, then the spectrum of H is purely absolutely continuous. In particular H has no eigenvalues. See
[AM08-a, Gal02, Miy01]. Furthermore we can construct a
time operator Tg(H) associated with g(H), where g is some
Borel measurable function, as
Tg(H)

Um : Hm → L2 (Rn ),

−1
−1
(3) Um Tj ⌈Hm Um
= x̂j and Um Hj ⌈Hm Um
= p̂j .

hold for all s, t ∈ R and j, k = 1, · · · , n.

(5)

Proposition 2. (von Neumann’s uniqueness theorem
[Neu31]) Let {Tj , Hj }nj=1 be Weyl relation. Then there exist Hilbert spaces Hm and unitary operators

1
= (ġ(H)−1 T + T ġ(H)−1 ),
2

where ġ = dg/dx. See [AM08-b, HKM09] for details.
An important relationship between weak Weyl relation
and Weyl relation is as follows.
Proposition 1. Let {Tj , Hj }nj=1 be weak Weyl relation
and T1 , · · · , Tn self-adjoint. Then {Tj , Hj }nj=1 is Weyl relation.
Proof. See [Ara05, Proposition 2.10].
Let us deﬁne operators x̂1 , · · · , x̂n and p̂1 , · · · , p̂n in
L2 (Rn ). Operator x̂j is the multiplication operator by xj
with the domain
¯∫
{
}
¯
Dom(x̂j ) = f ∈ L2 (Rn ) ¯¯
x2j |f (x)|2 dx < ∞ ,
Rn

and
p̂j = −i∂xj

The next lemma is a criterion to show non-essential selfadjointness of a time operator.
Lemma 1. Let {Tj , Hj }nj=1 be weak Weyl relation with
Spec(Hj ) ̸= R for some j = 1, · · · , n. Then Tj is not
essentially self-adjoint.
Proof. Suppose that Tj is essentially self-adjoint. Then
{T j , Hj } is Weyl relation by Proposition 1. However this
contradicts Proposition 2 since Spec(Hj ) ̸= R. Therefore
Tj is not essentially self-adjoint.
Let Ω be an open subset in Rn . Let xj be the multiplication operator by xj with
¯∫
{
}
¯
2
2
2
¯
Dom(xj ) = f ∈ L (Ω) ¯ xj |f (x)| dx < ∞ ,
Ω

and pj = −i∂xj with
Dom(pj ) = C0∞ (Ω).
Let f, g ∈ C0∞ (Ω). Since we know that
(f, pj g)L2 (Ω) = (f, pj g)L2 (Rn )
= (pj f, g)L2 (Rn )
= (pj f, g)L2 (Ω) ,
pj is symmetric and then closable.
Lemma 2. Let Ω be an open subset in Rn . Then
{pj , −xj }nj=1 is weak Weyl relation on L2 (Ω).
Proof. Since eitxj leaves C0∞ (Ω) invariant and
pk eitxj f = eitxj (pk + δjk t)f
for f ∈ C0∞ (Ω) by a direct calculation, {pj , −xj }nj=1 is
weak Weyl relation on L2 (Ω). Hence {pj , −xj }nj=1 is also
weak Weyl relation.
We deﬁne the class Oj of open subsets in Rn . Let πj :
n
R → R be the projection deﬁned by πj (x) = xj . We
deﬁne Oj by
¯
}
{
¯
Oj = Ω ⊂ Rn ¯Ω is an open subset and πj (Ω) ̸= R

with
Dom(p̂j ) = H 1 (Rn ).
It is a fundamental fact that
are Weyl relations.

{x̂j , p̂j }nj=1

or

{p̂j , −x̂j }nj=1

for j = 1, ..., n.
Theorem 1. Let Ω ∈ Oj . Then pj is not essentially selfadjoint on C0∞ (Ω).
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Proof. Note that Spec(xj ) = πj (Ω) ̸= R for Ω ∈ Oj . Assume that pj is essentially self-adjoint. Then {pj , −xj } is
weak Weyl relation by Lemma 2. In particular, {pj , −xj }
is also Weyl relation. It however contradicts Lemma 1 since
Spec(xj ) ̸= R. Hence pj is not essentially self-adjoint.
Let O be the set of open subsets Ω in Rn such that
Ω ̸= Rn .
Theorem 2. Let Ω ∈ O. Then at least one momentum
operator is not essentially self-adjoint on C0∞ (Ω).
Proof. Assume that all the momentum operators pj are essentially self-adjoint. Then {pj , −xj }nj=1 is Weyl relation.
Thus the joint distribution of {−x1 , ..., −xn } has to be Rn
by Theorem 1, but is indeed Ω. Then at least one momentum operator is not essentially self-adjoint.
The following corollary is immediate.
Corollary 1. Let Ω ∈ O be symmetric, i.e.,
{(xπ(1) , · · · , xπ(n) )|(x1 , ..., xn ) ∈ Ω} ⊂ Ω for all n-degree
permutations π. Then, for each j = 1, · · · , n, pj is not
essentially self-adjoint on C0∞ (Ω).

and
(8)

j

Xj = (0, ..., t, ...0) ∈ T Ω

with some t. Without loss of generality we may reset T Ω
as Ω. The distance between Ω and the origin O is denoted
by δ > 0. Let δ > ϵ > 0 be such that
Bϵ (Xj ) ⊂ Ω,

(9)

where Bϵ (Xj ) denotes the open ball centered at Xj with
radius ϵ. (9) can be possible by (8) for suﬃciently small ϵ.
Now we deﬁne the self-adjoint operator D on L2 (Ω) by
(10)

D=

n
∑

x2j .

j=1

Thus it follows that

Proof. By Theorem 2 at least one momentum operator is
not essentially self-adjoint. Since all the momentum operators are unitarily equivalent by the symmetry, each pj is
not essentially self-adjoint on C0∞ (Ω).

3.

Generalizations

We can extend Theorems 1 and 2 mentioned in the previous
section. We say that an open set Ω is simple if and only if
there is no open set K ⊂ Rn−1 such that Ω = R × K.
Theorem 3. Let Ω be simple. Then each momentum operator pj , j = 1, ..., n, is not essentially self-adjoint on
C0∞ (Ω).

Figure 2:

(f, Df )L2 (Ω) ≥ δ 2 ∥f ∥2L2 (Ω)
for all f ∈ C0∞ (Ω). Let ϕ ∈ C0∞ (Rn ) be such that suppϕ ⊂
Bϵ (0). See Fig. 1. With t ∈ R, the parallel transform of ϕ
in the Xj -direction is denoted by ϕt ;
ϕt (x) = ϕ((x1 , .., xj − t, ...xn )),

x ∈ Ω,

we see that ϕt ∈ L2 (Ω) by (9). Suppose that pj is essentially self-adjoint on C0∞ (Ω) and we denote the closure of
pj ⌈C0∞ (Ω) by Pj . Thus it follows that
(11)

Figure 1:
Proof. Let 1 ≤ j ≤ n be ﬁxed. Then there exists a parallel
transformation T on Rn such that
(7)

O = (0, · · · , 0) ̸∈ T Ω

(eisPj ϕt , DeisPj ϕt )L2 (Ω) ≥ δ 2 ∥ϕ∥L2 (Rn ) .

Now we compute the left hand side of (11). Since Pj is
self-adjoint, {Pj , −xj } is not only weak Weyl relation but
also Weyl relation. Then
e−isPj eitxj = e−ist eitxj e−isPj .
From this the weak Weyl relation
xj e−isPj = e−isPj (xj + s)

24

Journal of Mathematics for Industry, Vol.2(2010A-3)

follows. Thus
(12)

(3) Let
x2j e−isPj = e−isPj (xj + s)2

on C0∞ (Ω). Inserting −s into s in (12), we have
(13)

x2j eisPj = eisPj (xj − s)2

and

Ω+ = {(x, y) ∈ R2 | − 1 < xy < 1},
Ω− = {(x, y) ∈ R2 |1 < xy, xy < −1}.
Then pj , j = 1, 2, are not essentially self-adjoint on
C0∞ (Ω± ) but have uncountably many self-adjoint extensions, since Ω± ∈ ∩j=1,2 Osym,j .

e−isPj DeisPj = x21 + · · · + (xj − s)2 + · · · + x2n
on C0∞ (Ω). Inserting this into the left-hand side of (11)
and setting t = s, we have


∫
n
∑
LHS (11) =
|ϕ(x)|2 
x2j  dx ≤ ϵ2 ∥ϕ∥2L2 (Rn ) .
Bϵ (0)

j=1

Thus ϵ2 ∥ϕ∥2L2 (Rn ) ≥ δ 2 ∥ϕ∥2L2 (Rn ) . See Fig. 2. This contradicts that ϵ < δ and then pj is not essentially selfadjoint.
Theorem 4. Let Ω = Rm × K ∈ O, where K is simple.
Then p1 , ..., pm are essentially self-adjoint on C0∞ (Ω) but
pm+1 , ..., pn not essentially self-adjoint.
Proof. Under the identiﬁcation L2 (Ω) = L2 (Rm ) ⊗ L2 (K),
pj = pj ⊗ 1, j = 1, ..., m, are essentially self-adjoint on
C0∞ (Ω). While pj , m + 1 ≤ j ≤ n, are not essentially self
adjoint by Theorem 3.
Now we investigate the existence of self-adjoint extensions of momentum operators deﬁned in L2 (Ω). Let Rj :
Rn → Rn be the reﬂection deﬁned by replacing the jth
coordinate xj with −xj . Let Osym,j be deﬁned by
Osym,j = {Ω ∈ O|Rj Ω = Ω},

j = 1, ..., n.

Corollary 2. Let Ω ∈ Osym,j and suppose that pj is not essentially self-adjoint. Then uncountably many self-adjoint
extensions of pj ⌈C0∞ (Ω) exist.
Proof. Let Pj = pj ⌈C0∞ (Ω) . Let Cj : L2 (Q) → L2 (Q) be
the antilinear map deﬁned by
(14)

(Cj f )(x) = f (Rj x),

where f denotes the complex conjugate of f . We can
see that Cj : C0∞ (Ω) → C0∞ (Ω) and Cj pj = pj Cj on
C0∞ (Ω), then a limiting argument yields that Cj Dom(Pj ) ⊂
Dom(Pj ) and Cj Pj = Pj Cj on Dom(Pj ). From this it follows that Pj has equal deﬁciency indices by von Neumann’s
theorem [RS2, Theorem X.3]. Since Pj is not self-adjoint,
the deﬁciency indices of Pj is (m, m) with m ≥ 1. Hence
Pj has uncountably many self-adjoint extensions.
Example 1. (1) Let Ω = Rn \ Br (0). Then each pj ,
j = 1, ..., n, is not essentially self-adjoint and has
uncountably many self-adjoint extensions, since Ω ∈
∩nj=1 Osym,j . Refer to see [Hir00].
(2) Let Ω = Br (0). Then each pj , j = 1, ..., n, is not essentially self-adjoint and has uncountably many selfadjoint extensions, since Ω ∈ ∩nj=1 Osym,j .
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